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We show how to construct fully symmetric, gapped states without topological order on a honey-
comb lattice for S = 1/2 spins using the language of projected entangled pair states (PEPS). An
explicit example is given for the virtual bond dimension D = 4. Four distinct classes differing by
lattice quantum numbers are found by applying the systematic classification scheme introduced by
two of the authors [S. Jiang and Y. Ran, Phys. Rev. B 92, 104414 (2015)]. Lack of topological
degeneracy or other conventional forms of symmetry breaking, and the existence of energy gap in
the proposed wave functions, are checked by numerical calculations of the entanglement entropy
and various correlation functions. Our work provides the first explicit realization of a featureless
quantum insulator for spin-1/2 particles on a honeycomb lattice.
Introduction - A modern theme of much interest in
condensed matter systems is the classification of possi-
ble phases of quantum matter in low dimensions. First
noted in the context of quantum Hall physics, it has be-
come clear that different quantum phases are labeled
often by their topological characters rather than bro-
ken symmetries as in the conventional Ginzburg-Landau
paradigm [1]. How to define such quantum orders and
classify states accordingly in a precise way has intrigued
theorists for several decades.
A powerful guide in the classification effort is the “no-
go” theorem such as the celebrated Lieb-Schultz-Mattis
theorem in one dimension [2] and its higher-dimensional
generalizations due, for instance, to Oshikawa [3] and
Hastings [4], stating that lattice spin models having a
half-integer spin per unit cell must remain gapless, or if
gapped, would either break conventional symmetries or
turn into a topological state with fractionalized excita-
tions. Powerful as they are, though, integer spin systems
are not covered by these theorems. In one dimension we
have some well-established results for integer-spin chains,
e.g. S = 1 Haldane spin chain, saying that the ground
state can be both gapped and featureless.
Turning to two dimensions, search for an analogous
featureless phase not addressed by the no-go theorems
can best proceed by an explicit identification of S = 1
models on a Bravais lattice [5], or S = 1/2 models on a
honeycomb lattice where an even number of sites form a
unit cell [5–7]. One such construction was given recently
with S = 1 model on a square lattice [5], while attempts
to construct featureless states for S = 1/2 spins on a
honeycomb lattice has met with partial success so far [5–
7]. In this paper, we provide an explicit construction of
the spin-1/2 wave function on a honeycomb lattice that
preserves the full set of lattice symmetries plus time-
reversal and SU(2) spin rotation, in addition to being
(a) (b)
FIG. 1. (Color online) Schematic figures of the graphical rep-
resentation of (a) tensor network on honeycomb lattice (b)
u- and v-site tensors comprised of three gray legs and up-
ward black leg describing Hilbert spaces of three virtual spins
and a single physical one respectively and bond tensor (green
ellipses) connecting neighboring virtual spins. Bravais unit
vectors are chosen as a1 = xˆ and a2 = (xˆ+
√
3yˆ)/2.
devoid of topological order. We dub such a state feature-
less quantum insulator, or FQI. Lacking both symmetry
breaking and topological order, such states do not per-
mit a straightforward field-theoretic description [5]. We
instead use the recently developed classification scheme
of the tensor network wave functions [8–15], in particular
the one proposed by two of the authors [8], to identify
all possible spin-1/2 FQIs on the honeycomb lattice for
a given bond dimension of the tensor network. Inten-
sive numerical check carried out by the authors confirm
that the proposed FQI state is indeed devoid of any con-
ventional order, and has the topological entanglement
entropy [16, 17] of zero.
Spin- 12 symmetric PEPS on honeycomb lattice - The
honeycomb lattice we work on and various notations for
site and bond labels are shown schematically in Fig. 1(a).
2To construct a honeycomb PEPS, we associate every
site/bond of the honeycomb lattice with a site/bond ten-
sor. A site tensor is formed by one physical leg which
supports physical spin-1/2 degrees of freedom, and three
virtual legs, while a bond tensor is formed by two vir-
tual legs forming a nearest-neighbor bond as shown in
Fig. 1(b). Since every leg is associated with a specific lo-
cal Hilbert space of spins, a tensor can be viewed as a
quantum state in the Hilbert space of the tensor product
of all its leg Hilbert spaces. The physical wave function
is obtained by contracting all connected virtual legs of
site tensors and bond tensors.
In order to construct a fully symmetric, topologically
trivial, and energetically gapped state with spin-1/2 per
site on a honeycomb lattice, we rely on the recently devel-
oped classification algorithm of quantum phases in terms
of PEPS proposed by two of the present authors in Ref.
[8]. Let us briefly review the procedure here. Due to the
existence of an enlarged Hilbert space by virtual legs, the
mapping from site/bond tensors to physical wave func-
tions are actually many to one. Namely, a wave function
which is globally symmetry-preserving can have its con-
stituent site/bond tensors “gauge-transformed”, by act-
ing with an arbitrary invertible matrix V (s, i) on a virtual
leg i of the site tensor at s and simultaneously with its
inverse matrix V −1(s, i) on the corresponding leg of the
bond tensor. There may also exist special gauge trans-
formations that leave every site/bond tensor invariant,
up to U(1) phase factor. Those transformations form a
group, named the invariant gauge group (IGG), which
governs the low energy gauge dynamics of the state as
shown in Refs. 18 and 19.
Let us consider various symmetry operations on PEPS.
According to the general remarks above, invariance of the
physical wave function |ψ〉 (up to a U(1) phase) under a
specific symmetry operation g implies the following gen-
eral transformation rules for the site and bond tensors:
T s = ΘgWg(g ◦ T
s)
T b = Wg(g ◦ T
b). (1)
We label the site tensor at s as T s, and T b as the tensor at
the bond b. Wg is a leg-dependent gauge transformation
acting on virtual legs of tensors. Here g◦ can be spin ro-
tation, time reversal or any lattice symmetry operations
on a physical Hilbert space. Symmetry implementation is
projective in the sense that the operation on the physical
indices by g can be “compensated for” by the gauge op-
erations Wg on virtual indices and the U(1) phase factor
Θg. The site-dependent phase factor Θg also allows us
to capture the symmetry quantum numbers of the state
|ψ〉 [8].
Following the framework developed in Ref. 8, symme-
try group operations pertinent to the particular lattice
geometry can be cast as a set of algebraic equations. By
solving them, one obtains highly constrained forms of
all the gauge transformation matricesWg and Θg associ-
ated with the physical symmetric operation g. We should
mention that IGG will in general enter these algebraic
equations, influencing the outcome of the solutions for
Wg and Θg. In keeping with the spirit of the present pa-
per, which is the search for FQI in the case of the spin-1/2
honeycomb lattice, we set IGG to be trivial, i.e. as an
identity element.
Details of the classification procedure for symmetric
PEPS with trivial IGG and how to solve for the Wg’s
and Θg’s are found in the Supplementary Information
(SI) [20]. We should emphasize that the final expression
for the FQI tensors are quite transparent and can be un-
derstood without the full knowledge of the classification
scheme. In the end, we obtain
WT1(s, i) = WT2(s, i) = I,
WC6(u, a/b) =WC6(v, i) = I, WC6(u, c) = χC6 ,
Wσ(u, a) = Wσ, Wσ(u, b/c) = χC6Wσ,
Wσ(v, a) = χC6 χσC6 Wσ, Wσ(v, b/c) =Wσ ,
WT (s, i) =WT =
M⊕
k=1
(Idk ⊗ e
iπSy
k ),
Wθ~n(s, i) = Wθ~n =
M⊕
k=1
(Idk ⊗ e
iθ~n·~Sk),
ΘT1(s) = ΘT2(s) = 1, ΘC6(u) = χC6 , ΘC6(v) = 1,
Θσ(u) = 1, Θσ(v) = χC6χσC6 , ΘT = 1. (2)
Some words on the notations are in order. Two sublat-
tice sites within the unit cell (yellow dashed box in Fig. 1)
are labeled s = u, v, while i = a, b, c label the three vir-
tual legs associated with each lattice site as indicated in
Fig. 1 (b). Various symmetry operators considered here
are translations by lattice vectors a1 and a2, denoted
respectively as T1 and T2, six-fold rotations about the
center of the hexagon (C6), mirror reflection σ along the
dashed line in Fig. 1, time-reversal symmetry (T ), and
spin rotation symmetry. Each virtual leg has the Hilbert
space consisting of M different species of spins, each la-
beled as ~Sk, 1 ≤ k ≤M . For each spin ~Sk one further in-
troduces the “flavor” degeneracy of dk, for a total virtual
Hilbert space dimension D =
∑M
k=1 dk(2Sk+1). To have
trivial IGG, we are required to assign only half-integer
spins at the virtual legs [20]. We further have
Wσ =
M⊕
k=1
(
W˜ kσ ⊗ I2Sk+1
)
, (3)
where W˜ kσ is a dk-dimensional real matrix satisfying
(W˜ kσ )
2 = Idk . Notice that all Wg’s in Eq. (2) are trans-
lationally invariant (independent of s).
3( χC6 , χσC6) (+1,+1) (+1,−1) (−1,+1) (−1,−1)
C6 +1 +1 −1 −1
σ +1 −1 −1 +1
TABLE I. Lattice quantum numbers (χC6 , χσC6) for C6 and σ
operations for four different classes of featureless states. Sign
of the wave function |ψ〉 changes by the amount shown in the
second and the third rows under the C6 and σ operations, re-
spectively, for each state characterized by the pair of quantum
numbers (χC6 , χσC6) in the first row.
According to our analysis [20], there are four differ-
ent symmetric featureless PEPS classes characterized by
χC6 = ±1 and χσC6 = ±1, regardless of the bond dimen-
sion D. The PEPS wave functions belonging to different
classes indeed can be distinguished by their lattice quan-
tum numbers obtained for the torus geometry with odd
number of unit cells, as shown in Table I. For instance, a
PEPS wave function with (χC6 , χσC6) = (+1,−1) is in-
variant under the C6 operation and gains an extra phase
−1 under the σ operation. After these formal matters,
the remaining task is the explicit construction of site and
bond tensors and the examination of physical properties
for the state obtained from contracting the site/bond ten-
sors. It should be cautioned that, even when the PEPS
wave function is seemingly invariant under all symmetry
operations, there is a chance that it actually describes
a spontaneous symmetry breaking phase. To rule out
these possibilities and to ensure that the constructed
PEPS state is indeed a symmetric FQI, one should care-
fully measure the correlation functions for varying system
sizes.
We will focus on a particular case where every vir-
tual leg accommodates n copies of spin-1/2’s, and the
symmetry class where χC6 = χσC6 = −1. While this
is not the unique way to derive FQI, the imminent goal
of this paper is to show how to produce an example of
the featureless state for honeycomb spin-1/2’s, which is
achievable with this particular choice of the symmetry
class. One can choose the bond tensor to be the max-
imally entangled state T b = In ⊗ iσ2, where In acts on
the flavor space and iσ2 denotes the spin singlet formed
by two virtual spin-1/2’s. For the site tensor, the most
general form of a spin singlet (satisfying spin-rotation
symmetry) and Kramers singlet (satisfying time-reversal
symmetry) tensor is given by
Tˆ s =
∑
α,β,γ
(
C1αβγ (| ↑; ↓α↑β↓γ〉+ | ↓; ↑α↓β↑γ〉)
+ C2αβγ (| ↑; ↓α↓β↑γ〉+ | ↓; ↑α↑β↓γ〉)
+ C3αβγ (| ↑; ↑α↓β↓γ〉+ | ↓; ↓α↑β↑γ〉)
)
. (4)
Each element of Ci is real to preserve the time reversal
symmetry, and C1 + C2 + C3 = 0 due to the SU(2) spin
rotation symmetry. The first spin inside the ket sep-
arated by the semicolon denotes the physical spin, the
other three are virtual spins from each of the three legs
for a given site, and α, β, γ label the flavor of virtual
spins, with 1 ≤ α, β, γ ≤ n. For D = 2 (a single virtual
spin-1/2 per leg), there is no PEPS solution satisfying all
of lattice symmetries, hence we turn to the simplest non-
trivial case with D = 4 (two flavors of virtual spin-1/2’s,
n = 2). Setting W˜σ = σ3 in Eq. (3), we find that, in
order to meet the condition of invariance under the C6
and σ symmetries, only the following two independent
solutions for the site tensor are possible:
Aˆ(1) = P
(
2| ↑; ↓2↑1↓2〉 − | ↑; ↓1↑2↓2〉 − | ↑; ↓1↓2↑2〉
+ 2| ↓; ↑2↓1↑2〉 − | ↓; ↑1↓2↑2〉 − | ↓; ↑1↑2↓2〉
)
,
Aˆ(2) = P
(
| ↑; ↓2↑1↓1〉 − | ↑; ↓1↑1↓2〉
+ | ↓; ↑2↓1↑1〉 − | ↓; ↑1↓1↑2〉
)
. (5)
P stands for cyclic permutation of the virtual states.
The general site tensor consistent with all symmetry
requirements can be written as a linear combination
Tˆ s = c1Aˆ
(1) + c2Aˆ
(2), with arbitrary real coefficients
c1, c2. We claim that the topologically trivial symmet-
ric PEPS state is obtained from contracting all virtual
legs of the site tensors T s = c1Aˆ
(1) + c2Aˆ
(2) and bond
tensors T b, for appropriate choices of (c1, c2).
There are two special cases, c1 = 0 or c2 = 0, for which
the PEPS wave functions have the emergent U(1) IGG.
For Tˆ s = Aˆ(1) in Eq. (5), each ket state has two out
of the three virtual spins with flavor index equal to 2,
and one virtual spin with the flavor index 1. The state
made from contracting Aˆ(1) obviously preserves the flavor
quantum number. A U(1) operation U(θ), defined by
multiplying the (flavor index)=1 virtual spin by eiθ but
not the (flavor index)=2 spin, changes the site tensor by
the phase eiθ. These gauge transformations form a U(1)
group and result in low-energy fluctuations of U(1) gauge
fields, which is known to be confining at long wavelengths
in two dimenstions [21]. The same argument shows that
the state made out of Aˆ(2) will likely describe the U(1)
spin liquid.
Based on extensive numerical analyses for general
c2/c1 ratios, we conclude that a featureless state with-
out topological order, spontaneous symmetry breaking,
or emergent gauge symmetry has been found at around
(c1, c2) = (0.9, 0.1). First, topological entanglement en-
tropy has been extracted by fitting the calculated entan-
glement entropy for varying system sizes. As shown in
Fig. 3(a) we find the extrapolated value -0.05 consistent
with the absence of topological order. To evaluate the en-
tanglement entropy, we imposed the periodic boundary
condition along the ~a2-direction of our ansatz wave func-
tion and employed the boundary theory of PEPS [22, 23].
Correlation functions were measured for spin, bond,
vector spin chirality, and scalar spin chirality, in order to
4FIG. 2. (Color online) Schematic figure of the lattice geom-
etry used to evaluate (a) correlators and (b) entanglement
entropy. A green dot denotes one unit cell, formed by u (red)
and v (blue) sites of the honeycomb lattice.
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FIG. 3. (Color online) Numerical results on spin-1/2 PEPS
for Tˆ s = 0.9Aˆ(1) + 0.1Aˆ(2). (a) Entanglement entropy as a
function of Ly. Two linear fits are shown, based on numerical
data at Ly ∈ {3, 4, 5, 6} and Ly ∈ {5, 6}, respectively. (b)-(e)
Plots of correlation functions (δA = A−〈A〉) for (b) spin, (c)
bond (Vi = Siu ·Siv), (d) vector chirality (χi = Siu×Siv) and
(e) scalar chirality (Xi = Si−1,v · Siu × Siv) as a function of
the distance Rij = |xi − xj |/|a1|; xi is the position vector of
the i-th unit cell. System size is fixed at Lx = 37.
determine the gapped nature of the state and to check
for the absence of symmetry breaking. For convenience in
numerical calculation, a unit cell was redefined so that u-
and v-site tensors are directly connected within a unit cell
such that xi,u − xi,v = (a2 − 2a1)/3, where xi,u(v) is the
position vector of u(v)-tensor at the i-th unit cell. Expec-
tation values of local operators 〈ψ|Oi|ψ〉 and correlators
〈ψ|OiOj |ψ〉 are obtained by employing the MPS-MPO
compression method [24–26] to approximately contract a
given tensor network. Two-site variational compression
is adopted [25] where the initial ansatz is given by the zip-
up algorithm [27]. The reduced bond dimension d, which
is equal to the number of singular values kept during
the compression process of MPS, is such that the trun-
cated singular value is less than 10−7. To minimize the
numerical instability caused by lower and upper bound-
aries of the tensor network wave function, compression is
repeated until the convergence of MPS |Ψn〉 ≃ O|Ψn−1〉
is achieved, where |Ψn〉 is the nth stage MPS and O is
the MPO. Number of unit cells in the a1 direction is 37.
As one can see in Fig. 3, all correlators decay expo-
nentially in the fixed system size Lx = 37. We double-
checked the exponential decay by varying Lx and fix-
ing the position of operators Oi and Oj to be at Lx/3
and 2Lx/3, respectively. Exponential decays are clearly
observed for all correlators as a function of Lx in Fig.
4. Lattice and spin rotation symmetries are numerically
confirmed as well. Finally, we extracted the correlation
lengths as a function of reduced bond dimension d and
found them to saturate for large enough d [20]. Based on
such overwhelming body of evidences, we conclude that
our ansatz PEPS is a topologically trivial, fully symmet-
ric and gapped quantum state or FQI.
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FIG. 4. (Color online) (a) Spin, (b) bond, (c) vector chirality,
and (d) scalar chirality correlations as functions of Lx, at the
separation distance equal to Lx/2. Exponential decays are
observed in all correlators.
We also measured the entanglement entropy for the
U(1) states (c1 = 0 or c2 = 0). In both cases, it depends
on the number of flavor 1 states and flavor 2 states
we put on the boundary virtual legs. Physically, we
can interpret flavor states as U(1) gauge charges. For
boundary conditions with different total flavor numbers,
we end up with wave functions supporting different
number of electric field lines along the length of cylinder.
These states are orthogonal to each other, and in general
give different entanglement entropies.
Conclusion - We have identified an exemplary state of
a featureless quantum insulator on the honeycomb lattice
of spin-1/2’s, based on the methodical search scheme de-
veloped in Ref. [8]. Four distinct classes have been iden-
5tified as a result of our search. We propose a state whose
physical properties are consistent with FQI. Compared
to previous works on FQI’s [5–7], the present method
offers a much more systematic way to classify tensor
network states consistent with symmetry and topologi-
cal constraints. The gapped liquid phase we constructed
is intrinsically strongly interacting, as there is no way
to adiabatically connect them to free electronic states.
These results may thus be relevant for correlated elec-
tronic materials on the honeycomb lattice. For instance,
evidences for a putative spin liquid ground state have
been reported for Ba3CuSb2O9 [28, 29], in which the spin-
1/2 Cu may form a honeycomb lattice [30].
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